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Abstract
In this paper we consider an electron moving on a two dimensional noncommutative
plane immersed in a constant magnetic field under the influence of an anisotropic harmonic
potential. We work out the gauge invariant energy spectra of this system using a consistent
gauge prescription proposed in [7, 8]. We also show subsequently that straightforward gen-
eralization of the Landau problem in the noncommutative setting using minimal coupling
prescription as is done naively on many occasions in the literature violates gauge invariance
of the energy spectra.
I Introduction
The pioneering idea of incorporation of noncommutative geometry in physics dates back to 1930
when Heisenberg among others thought about the possibility of replacing the continuous structure
of space-time with a granular structure at length scales as small as Planck length. This novel
idea of abandoning the point like structure of spacetime induces an effective ultraviolet cutoff
to get rid of the unwanted divergences that plagued theories such as quantum electrodynamics
(QED) since their inception. However, the concept of cellular structure of spacetime comes with
the price of compromising the Lorentz invariance. In 1947, Snyder [17] proposed a solution
to the problem by promoting the spacetime coordinates to Hermitian operators on appropriate
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Hilbert space and hence quantized spacetime with some of the desirable features of the cellular
structure while preserving the Lorentz invariance. This suggestion of Snyder, however, could
not have come at a worse time, for in the history of Physics, 1947 is remembered for the great
breakthrough in QED. Immediately after the first post-war conference at Shelter Island on June
2-4, 1947, a successful calculation of Lamb shift in lowest order perturbation theory was made by
implementing charge renormalization, in addition to Lorentz’s mass renormalization. And in the
very next year, Schwinger calculated the electron anomalous moment, α2pi , without encountering
divergence. Consequently, Snyder’s suggestion was for the most part ignored.
Ideas involving noncommutative geometry were revived in the 1980’s by the mathematics
community [3, 20] in the attempt of generalizing the commutative differential geometry in the
noncommutative setting. Relationship of noncommutative geometry with string theory was for-
mally explored by Seiberg and Witten [16] towards the end of 1999. A little earlier in the
beginning of 1998, Connes, Douglas and Schwarz [4] founded the relationship between M(atrix)
theory and noncommutative geometry which suggests that noncommutative geometry could be
thought of as the geometric framework in which M theory should be described. Furthermore,
link between noncommutative theories and quantum gravity is an active field of research these
days. Notable work on this is that of Rivelles [15] where it has been shown that the action for
noncommutative field theories can be regarded as a coupling to a field dependent gravitational
background.
The basic constituent of our study is a noncommutative phase space which is coordinatised
by an even number of Hermitian operators acting on a suitable separable Hilbert space. Inspired
by the classical counterpart, one then needs half of these coordinate operators to be position
operators and the remaining ones to be the respective conjugate momenta operators. In the
study of quantum phase space (see, [18], for example), the position and momenta operators are
taken to be unbounded Hermitian operators representing the noncentral generators of the Weyl-
Heisenberg group. For example, in case of 4-dimensional classical phase space, if one denotes by
x and y, the position coordinates and by px and py, the respective momenta coordinates, then
the corresponding quantum phase space coordinates comprise of the Hermitian operators xˆ, yˆ,
pˆx, pˆy defined on L
2(R2, dx dy) satisfying the following commutation relations
[xˆ, pˆx] = [yˆ, pˆy] = i~I,
[xˆ, yˆ] = [pˆx, pˆy] = 0, (1.1)
where I is the identity operator on L2(R2, dx dy). The above commutation relations indeed
correspond to the 5-dimensional Weyl-Heisenberg group, abbreviated as GWH, in the sequel.
Our case differs from the above mentioned canonical prescription in the sense that we demand
our quantum phase space coordinates Xˆ, Yˆ , Πˆx, Πˆy to satisfy a different set of commutation
relations given by
[Xˆ, Πˆx] = [Yˆ , Πˆy] = i~I
[Xˆ, Yˆ ] = iϑI, and [Πˆx, Πˆy] = i~BI. (1.2)
The above set of commutation relations is reminiscent of a 7-dimensional nilpotent Lie group,
abbreviated as GNC, in the sequel. Here ~, ϑ and B are the underlying noncommutativity
parameters directly associated with the unitary irreducible representations (UIRs) of GNC. The
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group theoretical structure of GNC along with a small account of its representation theory is
provided in section II. A 2-parameter family of equivalent irreducible self adjoint representations
of gNC, the Lie algebra of GNC (in fact, it is the family of irreducible representations of the
universal enveloping algebra U(gNC) of the Lie algebra gNC) is also provided in section II by (2.7).
Indeed, each element of the set {Xˆ, Yˆ , Πˆx, Πˆy} is expressible as suitable linear combinations
of the elements of the set {xˆ, yˆ, pˆx, pˆy} with 2 free parameters r, s appearing in the coefficients
of the linear combinations (2.7) without affecting the commutation relations (1.2). In other
words, 2 such families due to ordered pairs (r, s) and (r′, s′) in (2.7) will be unitarily equivalent
for a given ordered triple (~, ϑ,B) representing an equivalence class. It is in this sense, we call
these 2-parameters r and s as gauge parameters and the 2-parameter family of representations
(2.7) as gauge equivalent representations. Two members of this gauge equivalence classes due
to r = 1, s = 0 and r =
~
~+
√
~(~− ϑB) , s =
1
2 correspond to the familiar Landau gauge and
symmetric gauge, respectively.
The 2-parameter family of gauge equivalent irreducible self adjoint representations of U(gNC)
as given by (2.7) suggests that the kinematical momenta in the current noncommutative setting
can not be simply obtained by naive minimal substitution. In the literature (see [10, 11, 14]
and some articles cited therein), we find inconsistent gauge prescription in the sense that the
energy spectra under those prescriptions are gauge dependent both for pure Landau problem in
noncommutative space and for the noncommutative harmonic oscillator in a background magnetic
field. In particular, we show in section III that under naive minimal prescription [14], the energy
spectra for an anisotropic harmonic oscillator subjected to a constant vertical magnetic field
in Landau gauge differs from the spectra calculated in symmetric gauge. On the other hand,
we show that the 2-parameter family of gauge equivalent irreducible self adjoint representations
of U(gNC) described in [7] (see, also, (2.7)) yields the same energy spectra for the system of
noncommutative anisotropic harmonic oscillator immersed in a constant vertical magnetic field.
The rest of the paper is organized as follows. In section II, we conduct a short group theoretical
discussion of the 7 dimensional Lie group GNC along the line of [5]. We also list a few of its
important UIRs (see [5] for detail) here that will concern us in the following sections. Later in
the section, we provide the 2-parameter (r, s) family of irreducible self adjoint representations
of U(gNC) and show how Landau and symmetric gauge representations arise in this context
along the line of [7]. Then in section III, we work out the energy spectra of an electron in
a noncommutative 2-dimensional plane for a background magnetic field under the influence of
an anisotropic harmonic potential and show explicitly that the gauge prescription detailed in
section II indeed yields the same energy spectra for both the Landau and symmetric gauges. We
conclude this section by pointing out the inconsistencies of the gauge prescription in the existing
literature and show that such naive minimal substitution method fails to yield gauge invariant
energy spectra in the current noncommutative setting. Section IV is dedicated to concluding
remarks and some possible future research directions.
II Group theoretical structure associated with GNC
For the case of a 2-dimensional quantum mechanical system, the 5-dimensional Weyl-Heisenberg
group GWH can be regarded as its kinematical symmetry group. The phase space for an uncon-
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strained 2-dimensional system is R4. The Lie group GWH is just a nontrivial central extension
of the underlying Abelian group of translations in R4. Therefore, a generic element of the 5-
dimensional Lie group GWH is represented by (θ, x, y, px, py) where θ is the central extension
which incorporates the non-commutativity of space and momentum of standard quantum me-
chanics. Accordingly, the Weyl-Heisenberg Lie algebra, denoted by gWH, admits a realization of
self-adjoint differential operators on the smooth vectors of L2(R2); the commutation relations for
which are already given in 1.1.
This set of commutation relations is known as the canonical commutation relation(CCR).
Here, xˆ, yˆ, pˆx, and pˆy are the self-adjoint representations of the Lie algebra noncentral basis
elements on the smooth vectors of L2(R2) with respect to the standard Lebesgue measure. The
central basis element of the Lie algebra is mapped to scalar multiple of the identity operator I
on L2(R2).
Since a central extensions of the Abelian group of translations in R4 underlies the kinematical
symmetry group of standard quantum mechanics by incorporating the space-momentum non-
commutativity, it is worth looking for a triply extended group of translations in R4 which can
appropriately be coined as the kinematical symmetry group of 2-dimensional noncommutative
quantum mechanics (NCQM). This was accomplished in [5]. This group, denoted by GNC, has 3
central elements in contrast to the single central element of GWH so that it can incorporate not
only the space-momentum noncommutativity of standard quantum mechanics, but also the space-
space and momemtum-momemtum non-commutativity of NCQM (see, for example, the excellent
review work [9] on NCQM). A generic element of GNC will be denoted by (θ, φ, ψ, x, y, px, py)
where x, y denote the position coordinates and px, py denote the respective momenta. The
group composition law for GNC is as follows [5, 6]
(θ, φ, ψ, x, y, px, py)(θ
′, φ′, ψ′, x′, y′, p′x, p
′
y)
=
(
θ + θ′ +
α
2
[xp′x + yp
′
y − pxx′ − pyy′], φ+ φ′ +
β
2
[pxp
′
y − pyp′x],Ψ + Ψ′ +
γ
2
[xy′ − yx′]
, x+ x′, y + y′, px + p′x, py + p
′
y
)
(2.1)
where α, β and γ are certain strictly positive dimensionful constants associated with the central
extensions corresponding to θ, φ and ψ respectively. In the case of GNC, the noncentral generators
can be suitably realized as self-adjoint differential operators, viz. Xˆ, Yˆ , Πˆx, Πˆy, on the space of
smooth vectors of L2(R2) obeying the commutation relations given by (1.2). Here, ~ =
1
ρα
,
ϑ = − σβ
(ρα)2
and B = − τγ
ρα
. The ordered triple (ρ, σ, τ) designates an element of the unitary
dual GˆNC, i.e. the equivalence classes of UIRs of GNC. The central generators of GNC are all
mapped to scalar multiples of the identity operator I on L2(R2) under the representation (1.2).
Henceforth, we will set the numerical values of the dimensionful constants α, β and γ to 1 and
by ~, ϑ and B, we will only denote their numerical values ignoring their respective dimensions.
The UIRs of GNC and hence the irreducible self-adjoint representations of gNC were classified
based on the ordered triple
(
1
~
,− ϑ
~2
,−B
~
)
. We only list 3 families relevant to our study. The
rest can be found in [5].
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II.1 Case I:
1
~
6= 0, ϑ
~2
6= 0, B
~
6= 0 with ~−Bϑ 6= 0
This family of irreducible representations of the universal enveloping algebra U(gNC) realized as
self adjoint differential operators on the smooth vectors of L2(R2, dxdy) is given by
Xˆ = xˆ− ϑ
~
pˆy, Yˆ = yˆ,
Πˆx = pˆx, Πˆy = −Bxˆ+ pˆy,
(2.2)
where the quantum mechanical position and momentum operators are denoted by xˆ, yˆ and pˆx, pˆy,
respectively. They act on smooth vectors f ∈ L2(R2, dx dy) in the following canonical way:
(xˆf)(x, y) = xf(x, y), (yˆf)(x, y) = yf(x, y),
(pˆxf)(x, y) = −i~∂f
∂x
(x, y), (pˆyf)(x, y) = −i~∂f
∂y
(x, y).
(2.3)
Figure 1: The surface S 1
~ ,ζ
in R30 (R3 \ {3 coordinate axes}) is associated with a family of degen-
erate UIRs of GNC on L
2(R, dx). Inside R30, is embedded the elliptic cone-shaped surface S 1~ ,ζ
given by the equation ~ − Bϑ = 0. Any point on such a surface is completely determined by a
family of straight lines given by 1~ = −ϑζ~2 = −B~ζ with ζ ∈ (−∞, 0) ∪ (0,∞).
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II.2 Case II:
1
~
6= 0, ϑ
~2
6= 0, B
~
6= 0 with ~−Bϑ = 0
This family of irreducible representations of U(gNC) realized as self adjoint differential operators
on L2(R) is given as follows
Xˆ = −xˆ, Yˆ = −ϑ
~
pˆ,
Πˆx = ~κI− pˆ, Πˆy = ~δI+ ~
ϑ
xˆ,
(2.4)
where the self adjoint unbounded operators xˆ and pˆ on L2(R, dx) are given in terms of their
actions on smooth vectors as
(xˆf)(x) = xf(x), (pˆf)(x) = −i~∂f
∂x
(x), (2.5)
so that, indeed, [xˆ, pˆ] = i~I with I being the identity operator on L2(R, dx). Here, the 2 in-
dependent parameters κ and δ label the foliations of 2-dimensional Euclidean planes inside the
4-dimensional ones. The details can be found in [5]. For each quadruple (~, B, κ, δ), one finds an
irreducible self adjoint representation of the universal enveloping algebra U(gNC) in L2(R, dx) as
give by (2.4).
It is interesting to note that there exists a family of UIRs of the Lie algebra gNC which obey
the canonical commutation relation(CCR) of quantum mechanics. This case is considered below:
II.3 Case III:
1
~
6= 0, ϑ = 0, B = 0
Here, the irreducible representation of the universal enveloping algebra U(gNC) is realized as self
adjoint differential operators on the smooth vectors of L2(R2, dxdy) in the following way
Xˆ = xˆ, Yˆ = yˆ,
Πˆx = pˆx, Πˆy = pˆy,
(2.6)
where the actions of the unbounded self adjoint operators xˆ, yˆ, pˆx and pˆy on f ∈ L2(R2, dxdy)
are given by (2.3). It is, therefore, sufficient to resort to the group GNC to obtain the CCR.
However, it should be emphasized that GWH is not a subgroup of GNC.
Another interesting point, which is more relevant to this paper, is that two certain gauge
equivalent representations of NCQM, viz., the Landau and the symmetric gauge representations,
arise from two equivalent irreducible self adjoint representations of U(gNC), the universal envelop-
ing algebra of the Lie algebra gNC, determined by a fixed value of
1
~
6= 0, ϑ 6= 0, and B 6= 0
satisfying ~−Bϑ 6= 0. The underlying equivalence class is precisely the one given by Case I II.1
in the list above due to fixed ordered triple
(
1
~
,− ϑ
~2
,−B
~
)
. In other words, different values of
the ordered pair (r, s) will always yield equivalent irreducible representations belonging to the
same equivalence class. In the rest of this section, we discuss this family of equivalent irreducible
self adjoint representations of the universal enveloping algebra U(gNC); a family to which Landau
and symmetric gauge representations belong.
This 2-parameter family of equivalent self adjoint irreducible representation of the universal
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enveloping algebra U(gNC) on the smooth vectors of L2(R2, dxdy) is given as follows:
Xˆs = xˆ− sϑ
~
pˆy,
Yˆ s = yˆ + (1− s)ϑ
~
pˆx,
Πˆr,sx =
B~(1− r)
~−Bϑr yˆ +
[Bϑ(r + s− rs)− ~]
Bϑr − ~ pˆx,
Πˆr,sy = −rBxˆ+
[
1 + r(s− 1)Bϑ
~
]
pˆy,
(2.7)
which, following a brief algebraic manipulation, yields
Xˆs = xˆ− sϑ
~
pˆy,
Yˆ s = yˆ + (1− s)ϑ
~
pˆx,
Πˆr,sx =
B~(1− r)
~−Bϑr
(
yˆ − sϑ
~
pˆx
)
+ pˆx,
Πˆr,sy = −rB
[
xˆ+
(1− s)ϑ
~
pˆy
]
+ pˆy.
(2.8)
Note that r = 1 and s = 1 in (2.7) yield a representative of the equivalence class of irreducible
self adjoint representations of the universal enveloping algebra U(gNC) given by case I in (2.2).
At this stage, upon looking at the expressions (2.8) of the 2-parameter family of the kinematical
momenta Πˆr,sx and Πˆ
r,s
y , one immediately deduces that minimal prescription fails in this noncom-
mutative setting. The terms in parenthesis appearing in the kinematical momenta expressions in
(2.8) are given by
Yˆ s+1 = yˆ − sϑ
~
pˆx,
Xˆs−1 = xˆ+
(1− s)ϑ
~
pˆy,
(2.9)
which actually belong to 2 distinct gauge equivalent representation classes (r, s+ 1) and (r, s−1)
(see (2.7)). Hence, there exist no canonical vector potential for the case of noncommutative space
in contrast to the standard quantum mechanical setting in the presence of a magnetic field. A
definition of vector potentials in such a noncommutative setting as operator valued 1-forms is
suggested in [7, 8]. This definition is, however, not based on minimal prescription. Agreement
of such definitions with Conne’s noncommutative geometric prescription is yet to be validated.
We, therefore, utilise the explicit expressions of the 2-parameter family of kinematical momenta
(2.7) to delineate various gauges involved here. The gauge parameter s can take any value from
the real line R while the allowed values of r are given by r ∈ Rr
{
~
Bϑ
}
.
The Landau and symmetric gauges belong to this gauge equivalent family of irreducible self
adjoint representations of gNC for the following parametric values:
r = 1, s = 0 for Landau gauge,
r =
~
~+
√
~(~− ϑB) := rsym, s =
1
2
for symmetric gauge.
The goal of this paper is to compute the energy spectra of an electron moving under the
influence of an anistropic harmonic potential subjected to a constant magnetic field. For a given
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ordered triple (~, ϑ,B) and r ∈ R r
{
~
Bϑ
}
, s ∈ R, the Hamiltonian for such a charged particle
(the charge e is conveniently set to unity) is given by
Hˆr,s =
1
2m
[(Πˆr,sx )
2 + (Πˆr,sy )
2] +
1
2
m[ω21(Xˆ
s)2 + ω22(Yˆ
s)2], (2.10)
with m being the mass of the charged particle. The 2-parameter (r, s) family of unitary irreducible
representations of GNC associated with the fixed ordered triple (~, ϑ,B) all belong to the same
equivalence class of the unitary dual GˆNC. Two such representations labeled by (r, s) and (r
′, s′)
are intertwined by a unitary operator U on the given Hilbert space L2(R2, dx dy). Consequently,
the group generators also transform, using the same unitary operator U , as follows
Πˆr
′,s′
x = UΠˆ
r,s
x U
−1,
Πˆr
′,s′
y = UΠˆ
r,s
y U
−1,
Xˆs
′
= UXˆsU−1,
Yˆ s
′
= UYˆ sU−1,
(2.11)
leading to the following unitary transformation of the underlying Hamiltonian:
Hˆr
′,s′ = UHˆr,sU−1. (2.12)
One writes down the Schro¨dinger equation for the Hamiltonian Hr,s having eigenfunction ψr,s ∈
L2(R2, dx dy) with eigenvalue E, as
Hˆr,sψr,s = Eψr,s, (2.13)
which, after acted upon by U from the left on both sides, yields
UHˆr,sψr,s = EUψr,s.
The above equation can be rearranged to yield
UHˆr,sU−1(Uψr,s) = E(Uψr,s).
In other words, one obtains,
Hˆr
′,s′ ψ˜r
′,s′ = Eψ˜r
′,s′ ,
where ψ˜r
′,s′ = Uψr,s is the eigenfunction of the unitarily transformed Hamiltonian Hˆr
′,s′ (see
(2.12)) with the same eigenvalue E.
Therefore, the spectra of the underlying Hamiltonian operator is independent of the gauge
parameters r and s.
III Noncommutative two dimensional anisotropic harmonic
oscillator in a constant magnetic field
In this section, we consider the noncommutative Landau problem subjected to an anisotropic
harmonic potential defined on the plane to demonstrate the gauge independence of energy eigen-
values.
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For the case of noncommutative Landau problem, the quantized phase space coordinates,
i.e. self adjoint unbounded operators on L2(R2, dx dy) that represent the classical position and
momentum coordinates, obey the following commutation relations
[Xˆ, Yˆ ] = iϑI, [Πˆx, Πˆy] = i~BI and [Xˆ, Πˆx] = [Yˆ , Πˆy] = i~I (3.1)
where I is the identity operator on L2(R2, dx dy). Here, note that the magnetic field B can be
rescaled B → eBc to connect our notation with the usual literature on Landau problem. Moreover,
we define the Cyclotron frequency to be
ωc =
B
m
.
III.1 Energy eigenvalue calculation
The Hamiltonian describing the Noncommutative Landau problem with the addition of the
anisotropic Harmonic potential is given as,
HNC =
1
2m
(
Πˆ2x + Πˆ
2
y
)
+
1
2
m
(
ω21Xˆ
2 + ω22Yˆ
2
)
. (3.2)
Now to calculate its energy spectrum we need to use quantum mechanical operators xˆ, yˆ, pˆx, pˆy
on L2(R2, dx dy). Using (2.7) for symmetric gauge (r = rSym, s = 1/2) or Landau gauge
(r = 1, s = 0) we get the following form of the Hamiltonian,
H =
1
2M1
pˆ2x +
1
2M2
pˆ2y +
1
2
M1Ω
2
1xˆ
2 +
1
2
M2Ω
2
2yˆ
2 − l1xˆpˆy + l2yˆpˆx, (3.3)
The effect of using different gauges and initial parameters of the NC Hamiltonian (3.2),
{m,ωi, ωc, ϑ} enter into the new parameters, (Mi,Ωi, li) of (3.13) which we will present explicitly
in subsequent sections. As the Hamiltonian (3.13) is quadratic in the quantum mechanical
position and momentum operators, to determine the energy spectrum, we redefine (3.13) in
terms of creation and annihilation operators:
xˆ =
√
~
2M1Ω1
(
aˆx + aˆ
†
x
)
, pˆx = −i
√
~M1Ω1
2
(
aˆx − aˆ†x
)
yˆ =
√
~
2M2Ω2
(
aˆy + aˆ
†
y
)
, pˆy = −i
√
~M2Ω2
2
(
aˆy − aˆ†y
) (3.4)
with
[aˆx, aˆ
†
x] = [aˆy, aˆ
†
y] = 1,
[aˆx, aˆy] = [aˆ
†
x, aˆ
†
y] = [aˆx, aˆ
†
y] = [aˆy, aˆ
†
x] = 0.
(3.5)
Therefore, the Hamiltonian (3.13) now becomes,
H =
~Ω1
2
(
aˆxaˆ
†
x + aˆ
†
xaˆx
)
+
~Ω2
2
(
aˆyaˆ
†
y + aˆ
†
yaˆy
)
+
i~
2
[
c(aˆxaˆy − aˆ†xaˆ†y) + d(aˆ†xaˆy − aˆ†yaˆx)
]
(3.6)
where,
c = l1
√
M2Ω2
M1Ω1
− l2
√
M1Ω1
M2Ω2
, d = l1
√
M2Ω2
M1Ω1
+ l2
√
M1Ω1
M2Ω2
. (3.7)
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If the parameter l1 of (3.13) becomes negative, the parameters c and d of (3.6) are interchanged
i.e. c→ d and d→ c with l1 → |l1|.
By applying the diagonalization method for general bosonic bilinear Hamiltonian [13,19], we
determine from (3.6) the following diagonal Hamiltonian,
HDig =
1
2
~Ω˜1(Bˆ1Bˆ†1 + Bˆ
†
1Bˆ1) +
1
2
~Ω˜2(Bˆ2Bˆ†2 + Bˆ
†
2Bˆ2) (3.8)
where the eigenfrequencies Ω˜1,2 are,
Ω˜1,2 =
[
C1
2
±
√
C21
4
− C2
]1/2
(3.9)
with
C1 = ~2(Ω21 + Ω22 − 2c2 + 2d2)
C2 = ~4
[
Ω21Ω
2
2 − 2Ω1Ω2(c2 + d2) + (c2 − d2)2
]
Consequently, we can see that the diagonalized Hamiltonian has decomposed into two indepen-
dent Hamiltonians of one dimensional Harmonic oscillator with frequencies Ω˜1 and Ω˜2, respec-
tively. Moreover, (3.8) can be written as
HDig = ~Ω˜1
(
Nˆ1 +
1
2
)
+ ~Ω˜2
(
Nˆ2 +
1
2
)
(3.10)
where the number operators are defined as Nˆ1 = Bˆ
†
1Bˆ1 and Nˆ2 = Bˆ
†
2Bˆ2. Therefore, the energy
eigenvalue is,
En1,n2 = ~Ω˜1
(
n1 +
1
2
)
+ ~Ω˜2
(
n2 +
1
2
)
(3.11)
III.2 Group theoretical construction
The transformation of NCQM operators into quantum mechanical operators on the Hilbert space
L2(R2, dx dy) is achieved using inputs from representation theory. For the symmetric gauge, the
transformation is as follows:
XˆSym = xˆ− ϑ
2~
pˆy, YˆSym = yˆ +
ϑ
2~
pˆx
ΠˆxSym =
~B
~+
√
~(~− ϑB) yˆ +
~+
√
~(~− ϑB)
2~
pˆx,
ΠˆySym = −
~B
~+
√
~(~− ϑB) xˆ+
~+
√
~(~− ϑB)
2~
pˆy.
(3.12)
Then HNC becomes the Hamiltonian in terms quantum mechanical operators xˆ, yˆ, pˆx, pˆy as,
H =
1
2M1
pˆ2x +
1
2M2
pˆ2y +
1
2
M21Ω
2
1xˆ
2 +
1
2
M2Ω
2
2yˆ
2 − l1xˆpˆy + l2yˆpˆx, (3.13)
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where the parameters of Eq.(3.13) are,
M1Sym =
m
1
2 +
m2ϑ2ω22
4~2 − mωcϑ4~ +
√
~(~−mωcϑ)
2~
, M2Sym =
m
1
2 +
m2ϑ2ω21
4~2 − mωcϑ4~ +
√
~(~−mωcϑ)
2~
,
Ω21Sym =
m
M1Sym
[
ω21 +
ω2c~2
(~+
√
~(~−mωcϑ))2
]
, Ω22Sym =
m
M2Sym
[
ω22 +
ω2c~2
(~+
√
~(~−mωcϑ))2
]
,
l1Sym =
ωc
2
+
mω21ϑ
2~
, l2Sym =
ωc
2
+
mω22ϑ
2~
.
(3.14)
On the other hand, for the Landau gauge, we have the following transformation:
XˆLan = xˆ, YˆLan = yˆ +
ϑ
~
pˆx,
ΠˆxLan = pˆx, ΠˆyLan =
~− ϑB
~
pˆy − eB
c
xˆ.
(3.15)
In this case, the parameters of the Hamiltonian (3.13) are,
M1Lan =
m
1 +
m2ϑ2ω22
~2
, M2Lan =
m(~−mωcϑ
~
)2 ,
Ω21Lan =
m
M1Lan
(
ω21 + ω
2
c
)
, Ω22Lan =
m
M2Lan
ω22 ,
l1Lan = ωc −
mω2cϑ
~
, l2Lan =
mω22ϑ
~
.
(3.16)
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θ (a.u.)
Ω˜ 1
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Ω˜1Sym = Ω
˜
1Lan (ω1=ω2=0, ωc=1)
Ω˜1Sym = Ω
˜
1Lan (ω1=ω2=1, ωc=1)
Ω˜2Sym = Ω
˜
2Lan (ω1=ω2=1, ωc=1)
Ω˜1Sym = Ω
˜
1Lan (ω1=1.5, ω2=1, ωc=1)
Ω˜2Sym = Ω
˜
2Lan (ω1=1.5, ω2=1, ωc=1)
Figure 2: Eigenfrequencies Ω˜1,2 as a function of ϑ in arbitrary unit (a.u.) in case of pure Landau
(ω1 = ω2 = 0), isotropic harmonic (ω1 = ω2 = 1 a.u.) and anisotropic harmonic (ω1 = 1.5, ω2 = 1
a.u.) potentials for both symmetric (Sym) and Landau (Lan) gauges. Here, ~ = 1, m = 1 and
ωc = 1 in arbitrary unit. The ϑ is bounded by ϑ ≤ ~mωc for the symmetric gauge.
We can see from Figure 2 and 3 that the eigenfrequencies Ω˜1,2 are both gauge invariant
quantities. In Fig. 2, ϑ is taken to be ϑ < ~mωc to ensure that the parameters given in (3.14)
for the symmetric gauge remain real and the Hamiltonian (3.13) stays self-adjoint. On the other
hand, there is no constraint on ϑ for the Landau gauge to keep the parameters given in (3.16)
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Figure 3: Eigenfrequencies Ω˜1,2 as a function of ϑ in arbitrary unit (a.u.) for the Landau gauge
in case of pure Landau (ω1 = ω2 = 0), isotropic harmonic (ω1 = ω2 = 1 a.u.) and anisotropic
harmonic (ω1 = 1.5, ω2 = 1 a.u.) potentials where ϑ is extended beyond
~
mωc
. Here also, ~ = 1,
m = 1 and ωc = 1 in arbitrary unit.
real and hence, in Fig. 3, ϑ is taken to be in the domain 0 ≤ ϑ. Notice that, the eigenfrequency
Ω˜2 goes to zero for ϑ =
~
mωc
which signals the fact that the underlying representation space
L2(R2, dx dy) degenerates into L2(R, dx).
III.3 Naive minimal prescription
As pointed out in section II, the naive minimal prescription (NMP) in noncommutative Quantum
Mechanical problem in the presence of a constant magnetic field fails drastically by leading to
gauge dependent eigenfrequencies given by (3.9) as shown in Fig. 4 and 5. In this section,
we explicitly present such gauge dependent formalism, which have been done, for example, in
[10,11,14].
In the case of naive minimal prescription, the kinematical momentum of NC Hamiltonian in
(3.2),
HNC =
1
2m
(
Πˆ2x + Πˆ
2
y
)
+
1
2
m
(
ω21Xˆ
2 + ω22Yˆ
2
)
.
are replaced with,
Πˆx = pˆx − Aˆx; Πˆy = pˆy − Aˆy, (e = 1, c = 1) (3.17)
where, Aˆ =
(
Aˆx(Xˆ, Yˆ ), Aˆy(Xˆ, Yˆ
)
is taken as the gauge potential which is a function of NC coor-
dinates (Xˆ, Yˆ ). As mentioned before, pˆx, pˆy are the commuting quantum mechanical momentum
operators, i.e. [pˆx, pˆy] = 0.
Subsequently, the map, usually known as generalized Bopp shift or Seiberg-Witten map in
the literature [12], is used to go from NC Hamiltonian (3.2) to the Hamiltonian, H ′ in terms of
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commutative position and momentum operators,
Xˆ = xˆ− ϑ
2~
pˆy; Yˆ = yˆ +
ϑ
2~
pˆx,
Pˆx = pˆx; Pˆy = pˆy.
(3.18)
The parameters (here denoted as primed to distiguish them from parameters in group theoretic
construction sec III.2) of the Hamiltonian, H ′,
H ′ =
1
2M ′1
pˆ2x +
1
2M ′2
pˆ2y +
1
2
M ′1Ω
′2
1 xˆ
2 +
1
2
M ′2Ω
′2
2 yˆ
2 − l′1xˆpˆy + l′2yˆpˆx, (3.19)
for the symmetric gauge which is taken as, Aˆ =
(
−B2 Yˆ , B2 Xˆ
)
, the parameters of (3.19) are given
as,
M ′1Sym =
m
1 + mωcϑ2~ +
m2ϑ2
4~2
(
ω22 +
ω2c
4
) , M ′2sym = m
1 + mωcϑ2~ +
m2ϑ2
4~2
(
ω21 +
ω2c
4
) ,
Ω
′2
1Sym =
m
M ′1Sym
(
ω21 +
ω2c
4
)
, Ω
′2
2Sym =
m
M ′2sym
(
ω22 +
ω2c
4
)
,
l′1Sym =
1
2
{
ωc
(
1 +
mωcϑ
4~
)
+
mω21ϑ
~
}
, l′2Sym =
1
2
{
ωc
(
1 +
mωcϑ
4~
)
+
mω22ϑ
~
}
.
(3.20)
On the other hand, for the Landau gauge, Aˆ =
(
−BYˆ , 0
)
, the parameters of (3.19) are,
M ′1Lan =
m
1 + mωcϑ~ +
m2ϑ2
4~2
(
ω22 + ω
2
c
) , M ′2Lan = m1 + m2ϑ24~2 ω21 ,
Ω
′2
1Lan =
m
M ′1Lan
ω21 , Ω
′2
2Lan =
m
M ′2Lan
(ω22 + ω
2
c ),
l′1Lan =
mω21ϑ
2~
, l′2Lan = ωc +
mω2cϑ
2~
+
mω22ϑ
2~
.
(3.21)
From Fig. 4 and 5, we can see the differences in the eigenfrequencies, Ω˜′1,2 calculated using
the naive minimal prescription, which clearly signals their gauge-dependency and therefore such
prescription is inconsistent in the context of noncommutative quantum mechanics.
IV Conclusion
In this paper, we have shown that the 2-parameter family of gauge equivalent irreducible self
adjoint representations (2.7) of gNC, obtained in [7], indeed yields gauge invariant energy spectra
for an electron in a noncommutative plane subjected to a vertical constant magnetic field un-
der the influence of an anisotropic harmonic potential. We have surveyed the literature finding
no uniform and consistent prescription in the noncommutative setting as opposed to the stan-
dard quantum mechanical Landau problem. We also notice that the expressions for kinematical
momenta Πˆr,sx and Πˆ
r,s
y in (2.7) reduce to the ones obeying familiar minimal prescription for quan-
tum mechanics in the presence of a constant magnetic field when the spatial noncommutativity
parameter ϑ→ 0.
In differential geometric language, the vector potential A = A1dx + A2dy is simply a 1-
form on the pertinent configuration space. Here Ai’s with i = 1, 2, are smooth functions of the
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Figure 4: In the case of naive minimal prescription, both of the eigenfrequencies Ω˜′1,2 as a function
of ϑ in arbitrary unit (a.u.) differ for the symmetric (Sym) and Landau (Lan) gauges in case
of pure Landau (ω1 = ω2 = 0) and isotropic harmonic potential (ω1 = ω2 = 1 a.u.). Here also,
~ = 1, m = 1 and ωc = 1 in arbitrary unit.
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Figure 5: In the case of naive minimal prescription, both of the eigenfrequencies Ω˜′1,2 as a function
of ϑ in arbitrary unit (a.u.) differ for the symmetric (Sym) and Landau (Lan) gauges in case
of anisotropic harmonic potential (ω1 = 1.5, ω2 = 1 a.u.). Comparing Fig. 4 we can see that
the anisotropy in harmonic potential increases the difference between two eigenfrequencies in two
gauges. Here also, ~ = 1, m = 1 and ωc = 1 in arbitrary unit.
coordinates. Then the exterior derivative dA of the gauge potential is interpreted as the applied
magnetic field B. Quantum mechanics in the presence of a constant external magnetic field
can be described in this geometric language as the underlying position operators xˆ, yˆ are simply
multiplication operators. But in the noncommutative setting, the Ai’s as defined in [7] are no
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longer smooth functions of x and y, rather are operators on L2(R2, dxdy), so that the gauge
potentials are now operator valued 1-forms. Exterior derivatives of operator valued 1-forms were
considered in (p. 321, [1]). But we look forward to approaching the problem using Conne’s
construction [2] by finding an appropriate spectral triple. The underlying Dirac operator then
will take care of the interpretation of the exterior derivative of the operator valued 1-forms. We
wish to carry out these geometric studies pertinent to the definition of vector potential suggested
in [7] in a future publication.
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